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Abstract
The purpose of this paper is to study the weak and strong convergence of implicit iteration process
with errors to a common fixed point for a finite family of asymptotically nonexpansive mappings and
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1. Introduction and preliminaries
Throughout this paper we assume that E is a real Banach space, F(T ) and D(T ) are
the set of fixed points and the domain of T , respectively.
Recall that E is said to satisfy Opial condition, if for each sequence {xn} in E, the
condition that the sequence xn → x weakly implies that
lim sup
n→∞
‖xn − x‖ < lim sup
n→∞
‖xn − y‖
for all y ∈ E with y = x.
Definition 1. Let D be a closed subset of E and T :D → D be a mapping.
1. T is said to be demi-closed at the origin, if for each sequence {xn} in D, the condition
xn → x0 weakly and T xn → 0 strongly implies T x0 = 0.
2. T is said to be semi-compact, if for any bounded sequence xn in D such that ‖xn −
T xn‖ → 0 (n → ∞), then there exists a subsequence {xni } ⊂ {xn} such that xni →
x∗ ∈ D.
3. T is said to be asymptotically nonexpansive [3], if there exists a sequence {hn} ⊂
[1,∞) with limn→∞ hn = 1 such that
‖T nx − T ny‖ hn‖x − y‖ ∀x, y ∈ D, n 1.
Proposition 1.
(1) Let K be a nonempty subset of E, {Ti}Ni=1 :K → K be N asymptotically nonexpansive
mappings. Then there exists a sequence {hn} ⊂ [1,∞) with hn → 1 such that∥∥T ni x − T ni y∥∥ hn‖x − y‖, ∀n 1, x, y ∈ K, i = 1,2, . . . ,N. (1.1)
(2) {T1, T2, . . . , TN } is uniformly Lipschitzian with a Lipschitzian constant L  1, i.e.,
there exists a constant L 1 such that∥∥T ni x − T ni y∥∥ L‖x − y‖, ∀n 1, x, y ∈ K, i = 1,2, . . . ,N. (1.2)
Proof. (1) Since for each i = 1,2, . . . ,N, Ti : K → K is an asymptotically nonexpansive
mapping, there exists a sequence {h(i)n } ⊂ [1,∞), with h(i)n → 1 (n → ∞) such that∥∥T nx − T ny∥∥ h(i)n ‖x − y‖, ∀n 1. (1.3)i i
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hn = max
{
h(1)n , h
(2)
n , . . . , k
(N)
n
}
, (1.4)
then we have that {hn} ⊂ [1,∞) with hn → 1 (n → ∞) and∥∥T ni x − T ni y∥∥ h(i)n ‖x − y‖ hn‖x − y‖, ∀n 1,
for all x, y ∈ K and for each i = 1,2, . . . ,N .
(2) Taking L = supn1 hn, then the conclusion (2) can be obtained from the conclusion
(1) immediately.
Definition 2. Let K be a nonempty closed convex subset of E satisfying K + K ⊂ K ,
x0 ∈ K be any given point and {T1, T1, . . . , TN } :K → K be N asymptotically nonexpan-
sive mappings. Let {αn} be a sequence in [0, 1] and {un} be a bounded sequence in K .
Then the sequence {xn} ⊂ K defined by
x1 = α1x0 + (1 − α1)T1x1 + u1,
x2 = α2x1 + (1 − α2)T2x2 + u2,
...
xN = αNxN−1 + (1 − αN)TNxN + uN,
xN+1 = αN+1xN + (1 − αN+1)T 21 xN+1 + uN+1,
...
x2N = α2Nx2N−1 + (1 − α2N)T 2Nx2N + u2N,
x2N+1 = α2N+1x2N + (1 − α2N+1)T 31 x2N+1 + u2N+1,
...
is called the implicit iterative sequence with errors for a finite family of asymptotically
nonexpansive mappings {T1, T2, . . . , TN }.
Since for each n  1, it can be written as n = (k − 1)N + i, where i = i(n) ∈
{1,2, . . . ,N}, k = k(n)  1 is a positive integer and k(n) → ∞, as n → ∞. Hence we
can write the above table in the following compact form:
xn = αnxn−1 + (1 − αn)T k(n)i(n) xn + un, ∀n 1. (1.5)
Especially, if T1, T2, . . . , TN :K → K are N asymptotically nonexpansive mappings,
{αn} is a sequence in [0, 1] and x0 is a given point in K , then the sequence {xn} defined by
xn = αnxn−1 + (1 − αn)T k(n)i(n) xn, ∀n 1, (1.6)
is called the implicit iterative sequence for a finite family of asymptotically nonexpansive
mappings {T1, T2, . . . , TN }.
Recently concerning the convergence problems of an implicit (or non-implicit) iterative
process to a common fixed point for a finite family of asymptotically nonexpansive map-
pings (or nonexpansive mappings) in Hilbert spaces or uniformly convex Banach spaces
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[3], Gornicki [4], Halpern [5], Lions [6], Reich [7], Schu [8], Sun [9], Tan and Xu [10],
Wittmann [12], Xu and Ori [13], Zhou and Chang [14]).
The purpose of this paper is to study the weak and strong convergence of implicit iter-
ation sequences {xn} defined by (1.5) and (1.6) to a common fixed point for a finite family
of asymptotically nonexpansive mappings and nonexpansive mappings in Banach spaces.
The following theorems are the main results of this paper.
Theorem 1. Let E be a real uniformly convex Banach space satisfying Opial condition,
K be a nonempty closed convex subset of E with K + K ⊂ K , {T1, T2, . . . , TN } :K → K
be N asymptotically nonexpansive mappings with F =⋂Ni=1 F(Ti) = ∅ (the set of common
fixed points of {T1, T2, . . . , TN }). Let {un} be a bounded sequence in K , {αn} be a sequences
in [0,1] and {hn} be the sequence defined by (1.1) and L = supn1 hn  1 satisfying the
following conditions:
(i) ∑∞n=1 ‖un‖ < ∞;
(ii) ∑∞n=1(hn − 1) < ∞;
(iii) there exist constants τ1, τ2 ∈ (0,1) such that
τ1  (1 − αn) τ2, ∀n 1.
Then the implicit iterative sequence {xn} defined by (1.5) converges weakly to a common
fixed point of {T1, T2, . . . , TN } in K .
Theorem 2. Let E be a real uniformly convex Banach space satisfying Opial condition, K
be a nonempty closed convex subset of E, {T1, T2, . . . , TN } :K → K be N asymptotically
nonexpansive mappings with F =⋂Ni=1 F(Ti) = ∅, and {αn} be a sequences in [0,1] and{hn} be the sequence defined by (1.1) and L = supn1 hn  1 satisfying the following
conditions:
(i) ∑∞n=1(hn − 1) < ∞;
(ii) there exist constants τ1, τ2 ∈ (0,1) such that
τ1 < 1 − αn < τ2.
Then the implicit iterative sequence {xn} defined by (1.6) converges weakly to a common
fixed point of {T1, T2, . . . , TN } in K .
Theorem 3. Let E be a real uniformly convex Banach space, K be a nonempty closed
convex subset of E with K +K ⊂ K , {T1, T2, . . . , TN } :K → K be N asymptotically non-
expansive mappings with F =⋂Ni=1 F(Ti) = ∅ and at least there exists an Tl,1 l N ,
which is semi-compact (without loss of generality, we can assume that T1 is semi-compact).
Let {un} be a bounded sequence in K , {αn} be a sequences in [0,1] and {hn} be the se-
quence defined by (1.1) and L = supn1 hn  1 satisfying the following conditions:
(i) ∑∞ ‖un‖ < ∞;n=1
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(iii) there exist constants τ1, τ2 ∈ (0,1) such that
τ1  (1 − αn) τ2, ∀n 1.
Then the implicit iterative sequence {xn} defined by (1.5) converges strongly to a common
fixed point of {T1, T2, . . . , TN } in K .
Theorem 4. Let E be a real uniformly convex Banach space, K be a nonempty closed con-
vex subset of E, {T1, T2, . . . , TN } :K → K be N asymptotically nonexpansive mappings
with F =⋂Ni=1 F(Ti) = ∅ and at least there exists an Tl,1 l N is semi-compact. Let
{αn} be a sequences in [0,1], {hn} be the sequence defined by (1.1) and L = supn1 hn  1
satisfying the following conditions:
(i) ∑∞n=1(hn − 1) < ∞;
(ii) there exist constants τ1, τ2 ∈ (0,1) such that
τ1 < 1 − αn < τ2.
Then the implicit iterative sequence {xn} defined by (1.6) converges strongly to a common
fixed point of {T1, T2, . . . , TN } in K .
Theorem 5. Let E be a real uniformly convex Banach space, K be a nonempty closed con-
vex subset of E with K +K ⊂ K , {T1, T2, . . . , TN } :K → K be N nonexpansive mappings
with F =⋂Ni=1 F(Ti) = ∅. Let {un} be a bounded sequence in K , {αn} be a sequences in
[0,1] satisfying the following conditions:
(i) ∑∞n=1 ‖un‖ < ∞;
(ii) there exist constants τ1, τ2 ∈ (0,1) such that
τ1  (1 − αn) τ2, ∀n 1.
(1) if there exists at least an Tl , 1  l  N , which is semi-compact, then the implicit it-
erative sequence {xn} defined by (1.5) converges strongly to a common fixed point of
{T1, T2, . . . , TN } in K ;
(2) if E is semi-closed, then the implicit iterative sequence {xn} defined by (1.5) converges
weakly to a common fixed point of {T1, T2, . . . , TN } in K .
In order to prove the main results of this paper, we need the following lemmas.
Lemma 1 [2,4]. Let E be a uniformly convex Banach space, K be a nonempty closed
convex subset of E and T :K → K be an asymptotically nonexpansive mapping. Then
I − T is semi-closed at zero, i.e., for each sequence {xn} in K , if {xn} converges weakly to
q ∈ K and {(I − T )xn} converges strongly to 0, then (I − T )q = 0.
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condition:
an+1  (1 + bn)an + cn, ∀n n0,
where n0 is some nonnegative integer,
∑∞
n=0 cn < ∞ and
∑∞
n=0 bn < ∞.
Then
(1) the limit limn→∞ an exists;
(2) if, in addition, there exists a subsequence {ani } ⊂ {an} such that ani → 0, then an → 0
(as n → ∞).
Lemma 3 [8]. Let E be a uniformly convex Banach space, b, c be two constants with
0 < b < c < 1. Suppose that {tn} is a sequence in [b, c] and {xn}, {yn} are two sequence
in E. Then the conditions:

limn→∞ ‖tnxn + (1 − tn)yn‖ = d,
lim supn→∞ ‖xn‖ d,
lim supn→∞ ‖yn‖ d
imply that limn→∞ ‖xn − yn‖ = 0, where d  0 is some constant.
2. Proof of theorems
We are now in a position to prove our main results in this paper.
Proof of Theorem 1. Since F =⋂Nn=1 F(Ti) = ∅, for any given p ∈ F , it follows from
(1.5) and Proposition 1 that
‖xn − p‖ =
∥∥αnxn−1 + (1 − αn)T k(n)i(n) xn + un − p∥∥
 αn‖xn−1 − p‖ + (1 − αn)
∥∥T k(n)i(n) xn − p∥∥+ ‖un‖
 αn‖xn−1 − p‖ + (1 − αn)hk(n)‖xn − p‖ + ‖un‖.
Letting µn = hk(n) − 1, ∀n 1, by condition (i) we have
∞∑
i=1
µn < ∞. (2.1)
Therefore we have
‖xn − p‖ αn‖xn−1 − p‖ + (1 − αn)(1 + µn)‖xn − p‖ + ‖un‖
 αn‖xn−1 − p‖ + (1 − αn + µn)‖xn − p‖ + ‖un‖.
Simplifying we have
‖xn − p‖ ‖xn−1 − p‖ + µn ‖xn − p‖ + ‖un‖ . (2.2)
αn αn
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‖xn − p‖ ‖xn−1 − p‖ + µn1 − τ2 ‖xn − p‖ +
‖un‖
1 − τ2 .
Simplifying we have
‖xn − p‖ 1 − τ21 − τ2 − µn ‖xn−1 − p‖ +
‖un‖
(1 − τ2 − µn)(1 − τ2)
=
(
1 + µn
1 − τ2 − µn
)
‖xn−1 − p‖ + ‖un‖
(1 − τ2 − µn)(1 − τ2) . (2.3)
By virtue of (2.1), µn → 0, therefore there exists a positive integer n0 such that µn  1−τ22 ,∀n n0. It follows from (2.3) that
‖xn − p‖
(
1 + 2µn
1 − τ2
)
‖xn−1 − p‖ + 2‖un‖
(1 − τ2)(1 − τ2) , ∀n n0. (2.4)
Taking an+1 = ‖xn−p‖, bn = 2µn1−τ2 , cn =
2‖un‖
(1−τ2)(1−τ2) in Lemma 2 and by using conditions(i) and (2.1), it is easy to see that
∞∑
n=1
bn < ∞;
∞∑
n=1
cn < ∞.
It follows from Lemma 2 that the limn→∞ ‖xn − p‖ exists. Without loss of generality we
can assume that
lim
n→∞‖xn − p‖ = d, (2.5)
where d  0 is some number. Since {‖xn − p‖} is a convergent sequence and so {xn} is a
bounded sequence in K . Again since
‖xn − p‖ =
∥∥αn[xn−1 − p + un] + (1 − αn)[T k(n)i(n) xn − p + un]∥∥.
By condition (i) and (2.5) we have that
lim sup
n→∞
‖xn−1 − p + un‖ lim sup
n→∞
‖xn−1 − p‖ + lim sup
n→∞
‖un‖ d; (2.6)
and that
lim sup
n→∞
∥∥T k(n)i(n) xn − p + un∥∥ lim sup
n→∞
hk(n)‖xn − p‖ + lim sup
n→∞
‖un‖ d. (2.7)
Therefore from (2.5)–(2.7) and Lemma 3 we have that
lim
n→∞
∥∥T k(n)i(n) xn − xn−1∥∥= 0. (2.8)
Moreover, since
‖xn − xn−1‖ =
∥∥(1 − αn)T k(n)i(n) xn − (1 − αn)xn−1 + un∥∥
 (1 − αn)
∥∥T k(n)xn − xn−1∥∥+ ‖un‖,i(n)
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lim
n→∞‖xn − xn−1‖ = 0. (2.9)
From (2.8) and (2.9) we have
lim
n→∞
∥∥xn − T k(n)i(n) xn∥∥ limn→∞
{‖xn − xn−1‖ + ∥∥xn−1 − T k(n)i(n) xn∥∥}= 0, (2.10)
and
lim
n→∞‖xn − xn+j‖ = 0, ∀j = 1,2, . . . ,N. (2.11)
Since for any positive integer n > N , it can be written as n = (k(n) − 1)N + i(n), i(n) ∈
{1,2, . . . ,N}. Letting σn = ‖T k(n)i(n) xn − xn−1‖, then from (2.8), we have σn → 0 and
‖xn−1 − Tnxn‖
∥∥xn−1 − T k(n)i(n) xn∥∥+ ∥∥T k(n)i(n) xn − Tnxn∥∥
= σn +
∥∥T k(n)
i(n)
xn − Ti(n)xn
∥∥ σn + L∥∥T k(n)−1i(n) xn − xn∥∥
 σn + L
{∥∥T k(n)−1i(n) xn − T k(n)−1n−N xn−N∥∥
+ ∥∥T k(n)−1n−N xn−N − x(n−N)−1∥∥+ ‖x(n−N)−1 − xn‖}. (2.12)
Since for each n > N , n = (n − N)(mod N), again since n = (k(n) − 1)N + i(n), hence
n − N = ((k(n) − 1) − 1)N + i(n) = (k(n − N) − 1)N + i(n − N), i.e.,
k(n − N) = k(n) − 1 and i(n − N) = i(n).
Therefore we have∥∥T k(n)−1i(n) xn − T k(n)−1n−N xn−N∥∥= ∥∥T k(n)−1i(n) xn − T k(n)−1i(n) xn−N∥∥ L‖xn − xn−N‖
(2.13)
and ∥∥T k(n)−1n−N xn−N − x(n−N)−1∥∥= ∥∥T k(n−N)i(n−N) x(n−N) − x(n−N)−1∥∥= σn−N. (2.14)
Substituting (2.13) and (2.14) into (2.12) and simplifying we have
‖xn−1 − Tnxn‖ σn + L2‖xn − xn−N‖ + Lσn−N + L‖x(n−N)−1 − xn‖.
By (2.8) and (2.11) we know that
lim
n→∞‖xn−1 − Tnxn‖ = 0. (2.15)
It follows from (2.9) and (2.15) that
lim
n→∞‖xn − Tnxn‖ limn→∞‖xn − xn−1‖ + ‖xn−1 − Tnxn‖ = 0. (2.16)
Consequently, for any j = 1,2, . . . ,N from (2.11) and (2.16) we have
‖xn − Tn+j xn‖ ‖xn − xn+j‖ + ‖xn+j − Tn+j xn+j‖ + ‖Tn+j xn+j − Tn+j xn‖
 (1 + L)‖xn − xn+j‖ + ‖xn+j − Tn+j xn+j‖ → 0,
as n → ∞. (2.17)
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N⋃
j=1
{‖xn − Tn+j xn‖}∞n=1 → 0 as n → ∞.
Since for each l = 1,2, . . . ,N , {‖xn − Tlxn‖}∞n=1 is a subsequence of
⋃N
j=1{‖xn −
Tn+j xn‖}∞n=1, therefore we have
lim
n→∞‖xn − Tlxn‖ = 0, ∀l = 1,2, . . . ,N. (2.18)
Since E is uniformly convex, every bounded subset of E is weakly compact. Since {xn} is a
bounded sequence in K , there exists a subsequence {xnk } ⊂ {xn} such that {xnk } converges
weakly to q ∈ K . Hence from (2.18) we have
lim
nk→∞
‖xnk − Tlxnk‖ = 0, ∀l = 1,2, . . . ,N. (2.19)
By Lemma 1, we have that (I − Tl)q = 0, i.e., q ∈ F(Tl). By the arbitrariness of
l ∈ {1,2, . . . ,N}, we know that q ∈ F =⋂Nl=1 F(Tl).
Next we prove that {xn} converges weakly to q . Suppose the contrary, then there exists
some subsequence {xnj } ⊂ {xn} such that {xnj } converges weakly to q1 ∈ K and q = q1.
Then by the same method as given above, we can also prove that q1 ∈ F =⋂Nl=1 F(Tl).
Taking p = q and p = q1 and by using the same method as given in the proof of (2.5) we
can prove that the following two limits exist and
lim
n→∞‖xn − q‖ = d1, limn→∞‖xn − q1‖ = d2,
where d1, d2 are two nonnegative numbers. By virtue of the Opial condition of E, we have
d1 = lim sup
nk→∞
‖xnk − q‖ < lim sup
nk→∞
‖xnk − q1‖ = lim sup
nj→∞
‖xnj − q1‖
< lim sup
nj→∞
‖xnj − q‖ = d1.
This is a contradiction. Hence q = q1. This implies that {xn} converges weakly to q .
The proof of Theorem 1 is completed. 
Proof of Theorem 2. Taking γn = 0, ∀n  1, and βn = 1 − αn, ∀n  1, in Theorem 1,
then the conclusion of Theorem 2 can be obtained from Theorem 1 immediately. 
Proof of Theorem 3. For any given p ∈ F =⋂Ni=1 F(Ti), by the same method as given
in proving (2.5) and (2.18), we can prove that
lim
n→∞‖xn − p‖ = d, (2.20)
where d  0 is some nonnegative number, and
lim
n→∞‖xn − Tlxn‖ = 0, ∀l = 1,2, . . . ,N. (2.21)
Especially, we have
lim ‖xn − T1xn‖ = 0. (2.22)
n→∞
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there exists a subsequence {xni } ⊂ {xn} such that xni → x∗ ∈ K . Hence from (2.21) we
have that
‖x∗ − Tlx∗‖ = lim
ni→∞
‖xni − Tlxni‖ = 0, ∀l = 1,2, . . . ,N.
This implies that
x∗ ∈ F =
N⋂
i=1
F(Ti).
By the arbitrariness of p ∈ F =⋂Ni=1 F(Ti), in (2.20) taking p = x∗, similarly we can also
prove that
lim
n→∞‖xn − x∗‖ = d1,
where d1  0 is some nonnegative number. From xni → x∗ we know that d1 = 0, i.e.,
xn → x∗.
This completes the proof of Theorem 3. 
Proof of Theorem 4. Taking γn = 0 and βn = 1−αn, ∀n 1 in Theorem 3, the conclusion
of Theorem 4 can be obtained from Theorem 3 immediately. 
Proof of Theorem 5. Since each nonexpansive mapping from K into K is an asymptot-
ically nonexpansive mapping from K → K with hn = 1, ∀n  1 and L = 1. Therefore
all conditions in Theorems 1 and 3 are satisfied. The conclusions of Theorem 5 can be
obtained from Theorems 1 and 3 immediately.
This completes the proof of Theorem 5. 
Remark. (1) Theorems 2 and 4 give an affirmative answer to the following open ques-
tion raised by Xu and Ori [13]: “It is unclear what assumptions on the mappings
{T1, T2, . . . , TN } and/or the parameters {αn} are sufficient to guarantee the strong conver-
gence of the sequence {xn} defined by (1.6).”
(2) Theorems 1 and 3 improve and generalize Theorem 3.3 of Sun [9] to the case of
implicit iteration process with errors for a finite family of asymptotically nonexpansive
mappings and the boundedness condition of the set K in this theorem is deleted.
(3) Theorems 1 and 3 also generalize and improve the corresponding results in Zhou
and Chang [14] and the key condition (v) in [14, Theorem 1]: there exists a constant L > 0
such that for any i, j ∈ {T1, T2, . . . ,N}, i = j ,∥∥T ni x − T nj ∥∥ L‖x − y‖, ∀n 1, ∀x, y ∈ K,
is deleted.
(4) Theorems 1–5 also generalize and improve the corresponding results of [1,3–8,
10,12].
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